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ABSTRACT 
The vibration characteristics of structural members are significantly influenced by the axial loads and 
hence axial deformation of the member. Numerous methods have been developed to quantify the axial 
loads in individual structural members using their natural frequencies. However, the findings of these 
methods cannot be applied to individual members in a structural framing system as the natural frequency 
is a global parameter for the entire framing system. This paper proposes an innovative method which uses 
the modal flexibility parameter to quantify axial deformations in load bearing elements of structural 
framing systems. The proposed method is illustrated through examples and results highlight that the 
method can be used to quantify the axial deformations of Individual elements of structural framing 
systems. 
 
INTRODUCTION 
Axially loaded elements can be found in almost all aerospace, civil and mechanical structural framing 
systems. Consequently, examining the behavior of such elements and hence whole structure is important. 
It can be done using vibration characteristics since the axial load in members influences significantly on 
the vibration characteristics of the structural system. Several researchers have investigated influence of 
axial loads on vibration characteristics of individual load bearing elements with different boundary 
conditions and established a relationship between the frequency and the axial load (Bokaian, 1988 ;Della 
& Shu ,2009 ;Banerjee, 2000; Friberg,1985).These researchers also explored that the axial compressive 
force reduces the frequency while the axial tensile force increases the frequency. Their methods can be 
used to quantify axial force and or bucking load of an element using natural frequencies. However, as the 
natural frequencies are a property of the whole structure, these methods are limited to individual elements 
only. This is the main threshold of previous developments.  
 
Based on the above, it is evident that when axial compressive forces increase, the natural frequencies and 
hence mode shapes of a structure change significantly. According to the best of authors’ knowledge, there 
is no method presently available to calculate axial force and hence axial deformation of load bearing 
elements in a structural framing system using both natural frequencies and mode shapes. This paper 
proposes an innovative procedure to determine these axial effects based on the Modal Flexibility (MF) 
phenomenon which uses both these modal parameters.  
Modal Flexibility of Element 
The Modal Flexibility (MF) is indicative of the dynamic characteristics of a structure and incorporates 
both the model vectors and natural frequencies. MF phenomenon is widely used in health or performance 
assessment of structures since it is accurate as well as convenient to apply for any structure. (Shin et al, 
2009; Zhao & Dewolf, 2006) 
Modal Flexibility of an element (element x) of a structure can be obtained from  
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Where  
x = the element considered  
r and n = the mode and total number of modes considered respectively 
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фxr= modal vector of element x for mode r  
ωr=frequency of rth mode 
 
According to the literature mentioned above, it is evident that the stiffness matrix of the element changes 
due to the applied axial load so that the mode shape and natural frequencies also change. Hence, it is 
obvious that there is a relationship between MF and axial loads and hence axial deformation of the 
element. This paper will pursue such a relationship.  
 
METHODOLOGY 
Finite element (FE) method is becoming an accessible analysis tool in engineering area since this method 
can be used to capture complex behaviour of structures accurately as well as conveniently. Finite element 
(FE) program, ANSYS (ANSYS Manual, Ver11) has been modified in order to capture effects of axial 
loads and incorporated into the modal analysis for the proposed methodology presenting in this paper. A 
FE model for an element used to study effect of axial force by previous publications (Banerjee, 2000; 
Friberg,1985) was developed using the modified program. Analysis results were then compared with the 
previous publications and found a satisfactory agreement confirming accuracy of the modified program..    
    
Modal Flexibility (MF) for an element (element x) without applying the axial load (unloaded case) can be 
written as  
                       (2) 
 
 
 
Where subscript u denotes the unloaded case 
 
The stiffness matrix of an element changes due to influence of the axial force and consequently the modal 
parameters and MF of such an element change significantly.  Modal Flexibility (MF) for element x with 
the axial load (loaded case) can be written as  
L
n
r
T
xrxr
r
XLF 





∑=
=1
2
1 φφ
ω                                  (3) 
Where subscript L denotes the loaded case 
 
In order to capture the influence of the axial force on the MF or the vibration characteristics, the 
parameter, SI called Stiffness Index is introduced in Equation (4). This parameter is directly proportional 
to the stiffness reduction which occurs due to the axial load.     
 
XLXU FF
SI 11 −=
                      (4) 
This stiffness Index (SI) parameter can be implemented for a structure as described below. 
 
For the structure without axial loads, the modal parameters of natural frequencies and mode shapes can be 
obtained numerically (Finite Element Model (FEM)) using the free vibration analysis and ambient 
measurements extracted from accelerometers deployed on the structure. Using these modal parameters, 
the FEM can be validated and Fxu for element x can be calculated and retained for future use. Applying 
known axial loads to both the FEM and the real structure, the above procedure can be repeated to improve 
the model validation.   
 
In the next stage, the validated FEM of the structure is used to develop a database that relates the 
parameter SI to the axial deformation (AD). For a given axial load applied to the FEM of the structure, 
the modal parameters are determined using the modified program and the FXL is calculated using 
Equation 03 and then along with the FXU determined earlier, SI for the particular case is calculated using 
Equation 04.  Axial deformation due to this axial force can also be obtained from static analysis. 
Repeating this procedure for a range of axial loads, a database for SI vs. AD can be generated. Using the 
results from this data base, graphs with the vertical axis representing Stiffness Index (SI) and the 
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horizontal axis representing the axial deformation (AD), can be plotted for each element x in the 
structure. In this research, (as will be seen later) the variation of SI with AD is linear. It is hence evident 
that, if SI is known (at any stage of loading or construction of the structure) the axial deformation AD can 
be obtained by applying either interpolation or extrapolation methods.  
 
During the service life of the structure, the axial deformation (AD) of any element can be obtained from 
the SI vs. AD graphs, if the SI is known. Under an unknown axial load on the real structure, the modal 
parameters amend due to the stiffness matrix change as addressed above and these parameters can be 
extracted from the deployed accelerometers and then used to calculate SI as described earlier.  The axial 
deformation (AD) corresponding to the unknown axial load can then be obtained from the graphs of SI vs 
AD, already available.   
 
ILLUSTRATIVE EXAMPLE 
Two numerical examples are presented in this section in order to illustrate the application of the proposed 
technique to treat different structural systems.  
 
Examples 1 
A column, 0.5 x 0.5 x 4 m is selected as the first example to illustrate the methodology developed in this 
paper. The material properties of the column are presented in Table 01. 10 axial compressive loading 
cases with loads ranging from 1, 2, 3  up to 10 MN are applied to the column to cause significant 
deformation, but maintaining it in the linear elastic region. Effects of the boundary conditions were 
studied by considering Cases A and B shown in Fig 1. The first three frequencies of vibration and the 
associated modes were obtained.  
 
Table 1: Material properties of the column 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig 1: The columns with two different boundary conditions 
 
Case A and Case B: Results and discussion 
The first three free vibration modes and the corresponding natural frequencies are used for calculating SI. 
In the analysis, it has been observed from the both cases such as Cases A and B that the first and second 
modes are bending while the third mode is torsional. Percentage of change in the frequencies for Case A 
and Case B are also studied and observed that this change is largest for the first mode and reduces with 
the mode number. This highlights that the stiffness matrix change, indicated by the change in the defined 
parameter SI, under axial force can be essentially captured by using the first few modes. This observation 
was also made in a previous study (Della & Shu ,2009).   
 
For each axial force the modal parameters (natural frequencies and modal vectors) are obtained from the 
modified program and Equation 04 is used to calculate the Stiffness Index SI. The corresponding axial 
Material Property Numerical Value 
Density/(kNm-3) 2300 
Poisson Ratio 0.2 
Young’s Modulus /(GPa) 30 
Tx=Ty=Tz=FREE
Rx=Ry=Rz=FREE
Tx=Ty=Tz=FIXED
Rx=Ry=Rz=FIXED
P(Force) P(Force)
Tx=Ty=Tz=FREE
Rx=Ry=FIXED
Rz=FREE
Tx=Ty=Tz=FIXED
Rx=Ry=Rz=FIXED
X
Z
0.5x0.5x4m
CASE A CASE B
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deformation is obtained using static analysis. Fig 2 shows the variations of SI with the axial deformation 
for different cases – using the (i) first mode, (ii) first two modes and (iii) first three modes.   
 
 
 
 
 
 
 
 
  (a)      (b) 
Fig 2: Variation of stiffness index, SI with the axial deformation, (a)- Case A and (b)- 
Case B 
 
It is clearly revealed from Fig 2(a) that SI does not deviate significantly when increasing number of 
modes incorporated into the calculation. This confirms that impact of number of modes on Case A is very 
low. Fig 2(b) shows variation of stiffness index, SI with the axial deformation, where the impact of 
number of modes can be seen.  In Case B, the boundary conditions influence the variation of the mode 
shapes and hence SI. Consequently, the graphs (see Fig 2(b)) deviate considerably when the number of 
modes used in the calculation is increased highlighting the effect of boundary conditions. Fig 2 also 
shows that the variations are in the form of linear positive gradient graphs confirming that interpolation 
and extrapolation methods can be used to estimate the axial deformation due to an unknown applied axial 
force, if the SI can be obtained from vibration measurements – the essence of the proposed methodology.  
 
Example 2 
As the second example, a two storey 2D structural framing system shown in Fig 3 is considered with 
different axial compressive loads acting on the columns. The column sizes and the material properties are 
selected to be the same as in the previous example to investigate purely influence of axial force and hence 
axial deformation on SI. Different axial compressive loads such as P1,P2,P3 and P4 are applied on the 
columns (as shown in Fig 3 ) as different load cases defined in Table 2. This was done to illustrate the 
case in which columns at different levels carry different loads from different tributory areas, especially in 
geometrically complex strucutral framing systems. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig 3: Two storey structural framing system 
 
 
 
 
 
 
 
0.5 x  0.5 m
C olumn L 1
0.5 x  0.5 m
C olumn R 1
0.5 x 0.5 m
8m
4m
P 1
P 2
P 3 P 4
0.5 x 0.5 m
C olumn L 2
0.5 x 0.5 m
C olumn R 2
4m
0.5 x 0.5 m
 
H.N Praveen Moragaspitiya, David P. Thambiratnam, Nimal Perera, Tommy H.T. Chan 
 
 
5
Table 2: The applied axial loads for the columns 
 
 
 
 
 
 
 
 
 
In this example, percentage of frequency change of the first two modes as a result of the axial force was 
also studied and observed that the percentages of these modes are higher than that of the others. It was 
also found that percentages of mode shape change of the higher modes were much smaller as was also 
observed by Della & Shu (2009) and hence they could be neglected,. Consequently, modal vectors and 
natural frequencies corresponding only to first two modes are taken into account to calculate Stiffness 
Index, SI.   
  
Figs 4(a), 4(b) and 4(c) depict stiffness index, SI of columns L1, R1, column L2 and column R2 
respectively, where L and R stand for left and right columns respectively and the numbers 1, 2 denote the 
storey.  Variations of SI of columns R2 and L2 are separately plotted due to the different ranges of the 
variables required along the axes.    
 
 
 
 
 
 
 
 
 
 
(a)                                                                        (b) 
 
 
 
 
 
 
 
 
 
 
(c) 
Fig 4: Variation of SI of the elements (a)- columns L1, RI, (b)- column L2 and (c)- 
column R2 
 
It is evident from Fig 4 that even though the selected columns in the structure have equal stiffness before 
applying the axial loads, SI of such columns deviate significantly from each other after applying the 
different axial loads. This highlights that SI is a good indicator for identifying the axial deformations due 
to the different axial forces applied to each structural element.  
 
Figs 2 and 4 indicate linear positive gradients of SI with axial deformation for the different structural 
systems confirming that interpolation and extrapolation methods can be used to calculate the axial 
deformation due to unknown axial loads, when the SI is determined from vibration measurements. These 
linear graphs also confirm that the elements deform axially in the linearly elastic range and hence the 
stiffness reduces linearly. When axial deformation due to an unknown axial force is needed, modal 
Loads(MN) 
Case 
1 2 3 4 5 
P1 10 15 20 25 30 
P2 20 30 40 50 60 
P3 5 10 15 20 25 
P4 10 20 30 40 50 
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vectors and natural frequencies can be obtained from the deployed accelerometers and the Stiffness Index, 
SI can be calculated. The axial deformation can then be obtained by using interpolation and extrapolation 
methods on the graph.  
 
CONCLUSION 
It is important to know the axial deformations of load bearing elements in structural frames subjected to 
axial loads in the design and performance evaluation of these structures. Numerous methods have been 
developed to quantify axial force and hence axial deformation of single elements using its natural 
frequencies.  These methods cannot be applied to an element in a structural framing system since the 
natural frequency is a property of the entire structural framing system. This highlights the need for a 
method to quantify axial deformation of an element of a structural framing system. A novel method 
incorporating a vibration based parameter called stiffness index (SI) is proposed this paper and illustrated 
through examples. Results indicate that the proposed procedure with the parameter, SI has an ability to 
quantify axial deformation of elements in structural framing system and capture the effects of the 
magnitudes of axial loads, boundary conditions of the element and the tributary area supported by the 
element. This procedure can be used during the construction of a building or during its service life when it 
may be subjected to gradual loading. 
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